Abstract. The inductive blockwise Alperin weight condition is a system of conditions whose verification for all non-abelian finite simple groups would imply the blockwise Alperin weight conjecture. We establish this condition for the groups G 2 (q), q 5, and 3 D 4 (q) for all primes dividing their order.
problem to a question on finite (quasi-) simple groups. A reduction theorem for the blockfree version of Alperin's conjecture was obtained by Navarro-Tiep in 2011 [28] . They give an inductive proof showing that if all finite simple groups satisfy the so-called inductive Alperin weight condition, then Alperin's weight conjecture holds for any finite group. In 2013, Späth [35] refined this result to achieve a reduction theorem for the blockwise version along with a corresponding system of inductive conditions, the inductive blockwise Alperin weight condition (iBAW) (cf. Definition 2.7).
The iBAW condition for a prime ℓ has already been proven to hold for many of the 26 sporadic groups [7] . Moreover, Malle gave its verification in [24] for the simple alternating groups as well as for the Suzuki and Ree groups of types 2 B 2 , 2 G 2 and 2 F 4 . Späth proved it in [35] for finite simple groups of Lie type defined over characteristic ℓ, and together with Koshitani in [21, 22] for ℓ-blocks of cyclic defect. Apart from some special cases, the problem of establishing the iBAW condition for finite simple groups of Lie type for all primes dividing their order is still open for types other than (For the groups G 2 (3) and G 2 (4) with exceptional Schur multipliers, Breuer [7] verified the iBAW condition by means of computational methods.) 3 
Theorem B. Let q be a prime power. The inductive blockwise Alperin weight condition (cf. Definition 2.7) holds for the group

D 4 (q) and every prime ℓ dividing its order.
This work grew out of the author's dissertation [31] prepared at the University of Kaiserslautern under the supervision of Prof. Dr. Gunter Malle.
Preliminaries
2.1. General Notation. Let G be a finite group. Concerning the block and character theory of G we follow the notation of [27] . We denote by Irr(G) and IBr ℓ (G) the sets of irreducible complex characters and of irreducible Brauer characters of G with respect to a prime ℓ, respectively. For a subgroup H G and ϑ ∈ Irr(H) ∪ IBr ℓ (H) we let Ind G H (ϑ) or ϑ G denote the character of G induced by ϑ, and we write Res G H (ψ) or ψ |H for the restriction of ψ ∈ Irr(G) ∪ IBr ℓ (G) to H. For ϑ ∈ Irr(H) (or ϑ ∈ IBr ℓ (H)) we denote by Irr(G | ϑ) (or IBr ℓ (G | ϑ)) the set of irreducible (Brauer) characters of G lying above ϑ.
The set of ℓ-blocks of G (with defect group D) will be denoted by Bl ℓ (G) (respectively Bl ℓ (G | D)), and for B ∈ Bl ℓ (G) we set Irr(B) := Irr(G) ∩ B and IBr(B) := IBr ℓ (G) ∩ B. For a (Brauer) character ψ ∈ Irr(G) ∪ IBr ℓ (G) we denote by bl(ψ) the ℓ-block of G containing ψ, and for an ℓ-block b of a subgroup of G we denote by b G the induced ℓ-block of G if defined.
Group actions play a major role here. If X is a set with a finite group A acting on it, then for x ∈ X, a ∈ A and X ′ ⊆ X we denote by a x = a. x, x a = a −1 . x the images of a applied to x from left and right, respectively, A x the stabilizer of x in A, a X ′ the image of X ′ under a, X ′a the image of X ′ under a −1 , A X ′ the setwise stabilizer of X ′ in A. If A X ′ acts on a set Y , then we denote by A X ′ ,y the stabilizer of y ∈ Y in A X ′ .
If A acts on the finite group G by automorphisms, then there is an induced action of A on the set Irr(G) of irreducible characters of G via χ a (g) = χ(a.g) for χ ∈ Irr(G) and a ∈ A. Analogously, one obtains an action of A on IBr ℓ (G) for every prime ℓ.
From now, p will be a prime number. Moreover, we denote by F the algebraic closure of a field consisting of p elements, and for an integral power q of p we define F q as the unique subfield of F consisting of q elements.
2.2.
Alperin's Conjecture and its Reduction to Finite Simple Groups. Here we consider certain aspects of the weight conjecture and its reduction. Throughout, G denotes a finite group and ℓ is a prime.
Definition 2.1. An ℓ-subgroup R G is called a radical ℓ-subgroup of G if it satisfies R = O ℓ (N G (R)). We also say that R is (ℓ-) radical in G. The set of radical ℓ-subgroups of G will be denoted by Rad ℓ (G).
Lemma 2.2. If (R, ϕ)
is an ℓ-weight of G, then R is a radical ℓ-subgroup of G.
Proof. The ℓ-block of N G (R)/R containing ϕ is of ℓ-defect zero and by [27, Thm. 4 .8] the ℓ-core O ℓ (N G (R)/R) is contained in any defect group of any ℓ-block of N G (R)/R.
By [2, p. 3] the B-weights of G may be constructed in the following manner:
Construction 2.3. Let B be an ℓ-block of G. For a radical ℓ-subgroup R of G and an ℓ-block b ∈ Bl ℓ (R C G (R) | R) with b G = B we denote by θ the canonical character of b. Then for every ψ ∈ Irr(N G (R) θ | θ) with ψ(1) ℓ θ(1) ℓ = | N G (R) θ : R C G (R)| ℓ the pair (R, Ind
constitutes a B-weight of G. As a result of Clifford correspondence (e.g. [17, Thm. 6 .11]) distinct characters ψ yield distinct B-weights. Letting R run over a complete set of representatives for the G-conjugacy classes of radical ℓ-subgroups of G, and for each such R letting b run over a complete set of representatives for the N G (R)-conjugacy classes of ℓ-blocks b ∈ Bl ℓ (R C G (R) | R) with b G = B provides all B-weights of G.
In general there can be various types of radical ℓ-subgroups giving rise to ℓ-weights belonging to an ℓ-block B. However, if B is an ℓ-block of abelian defect, then the situation is more restrictive. Compare [4, pp. 24/25] There are several versions of the iBAW condition. Apart from the original one by Späth [35, Def. 4.1] there is also a version treating only blocks with defect groups involved in certain sets of ℓ-groups [35, Def. 5.17] , or a version handling single blocks [21, Def. 3.2] . We shall consider the inductive condition for a single block. For a non-abelian finite simple group this condition may then be verified block by block, this way proving the original inductive condition for the whole group. Note that due to the nature of the groups considered here we restrict the definition of the iBAW condition to the case of simple groups with cyclic outer automorphism group. The definition of the iBAW condition for the general case may be found in [21, Def. 3.2] . Notation 2.5. Let G be a finite group and ℓ be a prime.
(i) If Q is a radical ℓ-subgroup of G and B an ℓ-block of G, then we define the set dz(N G (Q)/Q, B) := {χ ∈ Irr(N G (Q)/Q) of ℓ-defect zero | bl(χ)
where χ is regarded as a character of N G (Q) in the expression bl(χ) G . (ii) By Rad ℓ (G)/ ∼ G we denote a complete system of representatives for the G-conjugacy classes of radical ℓ-subgroups of G. . Let S be a finite non-abelian simple group such that Aut(S)/S is cyclic and let X be the universal ℓ ′ -covering group of S. Let B be an ℓ-block of X. We say that the inductive blockwise Alperin weight (iBAW) condition holds for B if the following conditions are satisfied:
(i) There exist subsets IBr(B | Q) ⊆ IBr(B) for Q ∈ Rad ℓ (X) with the following properties:
(1) IBr(B | Q) a = IBr(B | Q a ) for every Q ∈ Rad ℓ (X), a ∈ Aut(X) B , (2) IBr(B) =˙ Q∈Rad ℓ (X)/∼ X IBr(B | Q).
(ii) For every Q ∈ Rad ℓ (X) there exists a bijection Definition 2.7 (iBAW condition for S and ℓ with Aut(S)/S cyclic). Let S be a finite nonabelian simple group such that Aut(S)/S is cyclic and let X be the universal ℓ ′ -covering group of S. We say that the inductive blockwise Alperin weight (iBAW) condition holds for S and ℓ if the iBAW condition holds for every ℓ-block of X.
Remark 2.8. Note that for S, ℓ and X as above Späth gives a slightly different definition of the iBAW condition for S and ℓ in [35, Def. 4.1] . However, the conditions demanded there immediately imply those stated in Definition 2.7, and vice versa, by [21, Lemma 3.3] the iBAW condition holds for S and ℓ in the sense of Späth if it holds for some Aut(X)-transversal in Bl ℓ (X) in the sense of Definition 2.6. Thus, both definitions are equivalent.
We call a group K involved in a finite group H if there exist subgroups H 1 H 2 ≤ H such that K ∼ = H 2 /H 1 . Due to the following theorem by Späth [35, Thm. A] there is great interest in verifying the iBAW condition for all finite non-abelian simple groups: Theorem 2.9 (Späth) . Let G be a finite group. If all non-abelian simple groups involved in G satisfy the iBAW condition for ℓ, then Conjecture 2 holds for every ℓ-block of G. Notation 2.10. Let B be an ℓ-block of a finite group X.
(i) For a radical ℓ-subgroup Q ∈ Rad ℓ (X) we set (ii) For an ℓ-weight (Q, ψ) we denote by [(Q, ψ)] X its X-conjugacy class.
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(iii) The set of X-conjugacy classes of B-weights of X will be denoted by W(B).
Lemma 2.11. Let X be a finite group and suppose that for an ℓ-block B of X we have a bijection
satisfying Ω B (χ) a = Ω B (χ a ) for all χ ∈ IBr(B) and a ∈ Aut(X) and we have a disjoint union 
Steinberg Relations for Universal Chevalley Groups
The groups considered here are finite groups of Lie type consisting of fixed points of universal Chevalley groups over F under certain Steinberg endomorphisms. Each universal Chevalley group has a semisimple complex Lie algebra associated to it, along with a root system Σ. As an abstract group, such a group with Σ = A 1 is generated by elements x r (t), r ∈ Σ, t ∈ F × , related to certain automorphisms of the underlying complex Lie algebra with respect to some Chevalley basis and subject to the relations
where h r (t) := n r (t)n r (−1) for n r (t) := x r (t)x −r (−t −1 )x r (t), the product ranges over all pairs i, j of positive integers such that ir + js ∈ Σ, and the terms occur in a fixed order independent of t and u with i + j non-decreasing. The scalars c ijrs depend on the chosen Chevalley basis of the underlying Lie algebra.
Additionally, the generators of a universal Chevalley group obey the relations given in Theorem 3.1 below, where (_, _) denotes an inner product of the Euclidean vector space RΣ and v, w := 2(v, w)/(v, v) for v, w ∈ RΣ. Moreover, for r ∈ Σ we denote by ω r the reflection along the hyperplane orthogonal to r in RΣ. Since Σ is a root system, it holds that ω r (s) ∈ Σ for all s ∈ Σ (e.g. [10, Def. 2.1.1]).
Theorem 3.1 (Steinberg relations for universal Chevalley groups). Consider a universal
Chevalley group over F with root system Σ = A 1 and generators x r (t), r ∈ Σ, t ∈ F, and n r (t) = x r (t)x −r (−t −1 )x r (t), h r (t) = n r (t)n r (−1) for r ∈ Σ and t ∈ F × . The following relations hold for all r, s ∈ Σ and t, u ∈ F (with t = 0 or u = 0 whenever appropriate):
(ii) if {r 1 , . . . , r m } is a base in Σ and we setř := 2r/(r, r) for all r ∈ Σ, then
where 
Proof. Relations (i) and (iv) to (viii) can be found in the proof of [10, Thm. 12. Remark 3.2. The signs η r,s in Theorem 3.1 are not uniquely determined by the root system Σ but rather they also depend on the chosen Chevalley basis of the underlying Lie algebra. However, they are independent of the prime p (cf. the proof of [10, Prop. 6.4.3] ).
The Groups G 2 (q)
Let us first study the finite Chevalley groups G 2 (q) with regard to the iBAW condition. We begin by providing a brief collection of important properties of these groups.
4.1. Properties of G 2 (q). We let q = p f for some natural number f ∈ N >0 and consider a root system Σ of type G 2 , that is,
where Π := {a, b} is a base for Σ (see, e.g., [14, Rmk. 1.8.8] ). There are two root lengths in Σ, with ±b, ±(3a + 2b) and ±(3a + b) being the long roots of Σ. Let G be a universal Chevalley group over F with root system Σ and Steinberg generators x r (t), h r (s) and n r (s), r ∈ Σ, t ∈ F, s ∈ F × . The linear map given by
is the Frobenius endomorphism of G with respect to F q , hence a Steinberg endomorphism of G, and G := G 2 (q) := G F . This group is generated by all x r (t) for r ∈ Σ and t ∈ F q , and its order is given by
where
denotes the i-th cyclotomic polynomial (see [25, is simple for q 3, and if q 5, then G 2 (q) has trivial Schur multiplier, that is, it is its own universal covering group. Here, unless stated differently, we assume that q 5.
Weyl Group and Maximal Tori of G 2 (q).
Let T be the maximal torus of G generated by all h r (t), r ∈ Σ, t ∈ F × , and denote by W := N G (T)/ T the corresponding Weyl group, a dihedral group of order 12.
Up to G-conjugation there exist six maximal tori in G. Representatives of these in the algebraic group G are given in Table 1 below (cf. [11, p. 194] , [13, p. 507] , [19, Table I ]), where we write v 2 := n b (1)n −(2a+b) (1), v 3 := n 3a+b (1)n −b (1) and v 6 := v 2 v 3 .
For future use we set F + := F and F − := v 2 F , and, accordingly, G ε := G Fε for ε ∈ {±} (or ε ∈ {±1} slightly abusing notation). Then G + = G, and in consequence of LangSteinberg's theorem [25, Thm. 21.7 ] the finite group G − is G-conjugate to G.
4.1.2.
Relations in G 2 (q). Following Remark 3.2 the signs η r,s for roots r, s ∈ Σ occurring in the Steinberg relations given in Theorem 3.1 depend on the chosen Chevalley basis underlying G. By [29, p. 439 and pp. 441/442] there exists a Chevalley basis for the simple Lie algebra of type G 2 underlying G with respect to which the signs η r,s , r, s ∈ Σ, are given by Table 2 and the relations η r,r = −1, η r,−s = η r,s and η −r,s = η r,ωr(s) : For consistency in our future calculations we shall henceforth assume that the generators x r (t) of G are derived from a Chevalley basis as above. As a first observation we obtain the following relations for the elements v 2 , v 3 , v 6 ∈ N G (T):
Proof. The first part of the claim follows from Theorem 3.1(vi) in combination with Table 2 . Statements (i) and (ii) are immediate consequences of Lemma 4.2.
Moreover, the following relations hold:
In particular, v 2 commutes with all n r (1), r ∈ Σ.
Proof. Use Theorem 3.1 and Table 2 .
Lemma 4.5. The Cartan integers r, s , r, s ∈ Σ, are given by Table 3 below, where −r, s = r, −s = − r, s for all r, s ∈ Σ. Proof. Following [10, p. 40 ] the Cartan integers are given by r, s = p(r, s) − q(r, s) for r, s ∈ Σ with r = ±s, where
For r = s we clearly have r, r = 2. Application of these formulae yields the claim.
4.1.3. Automorphisms of G 2 (q). The aim of this section is a description of the automorphism group of G. By [36, p. 158 ] the field automorphism F q −→ F q , a −→ a p , induces an automorphism F p of the group G = G 2 (q) via
F p is called a field automorphism of G. Its order in Aut(G) is given by f .
In the case that p = 3 we may define another automorphism of G: By [36, p. 156 ] there exists a unique angle-preserving and length-changing bijection ρ : Σ −→ Σ satisfying ρ(∆) = ∆. Now ρ induces an automorphism Γ of G 2 (q) via
for suitable signs ǫ r ∈ {±1} with ǫ r = 1 if one of ±r is contained in ∆ (compare [36, pp. 156/157] 
whence the above condition is clearly fulfilled. Thus, in the following we work with the graph automorphism
Observe that since ρ 2 is the identity map on Σ and ρ interchanges root lengths, we have
Easy calculations yield the following:
Lemma 4.7. Suppose that p = 3. Then for every r ∈ Σ and every t ∈ F × q we have
where λ r = 1 if r is long, λ r = 3 if r is short.
The automorphism group of G may now be described as follows:
In particular, the outer automorphism group of G is cyclic for all primes p.
Proof. This is well-known and follows, e.g., from [14, Thm. 2.5.12(a)-(e)] by taking into account that the algebraic group G is both adjoint and universal (cf. [25, Table 9 .2]). Table 1) , which allows for a nice description of the action of the field automorphism on this torus. For this we note that as for the group G + the endomorphism of G defined by x r (t) → x r (t p ) induces an automorphism of G − . Similarly as for G + we denote this automorphism by F p , and if p = 3, then Aut(G − ) = G − , F p . The action of F p on the maximal torus T − of G − is then given by raising each element to its p-th power, which is analogous to the action of F p on the maximal torus T + of G + . The order of F p is given by 2f in this case since
(ii) Following its definition, for δ ∈ {±} the field automorphism F p acts trivially on
where we have N G F δ (T) = T δ , n r (1) | r ∈ Σ by Lemma 4.4. Furthermore, any element of N G δ (T) may be written in the form n · t for some t ∈ T δ and n ∈ N G δ (T) with F p (n) = n.
4.1.4.
Blocks of G 2 (q). The ℓ-blocks and ℓ-decomposition numbers of G have been described by Hiß and Shamash in a series of papers for various primes ℓ. The case ℓ 5 is not considered here since in this situation the iBAW condition has already been proven to hold for G, see the proof of Theorem A. If q is odd, then by [16] the 2-blocks of G may be divided into the following classes: the principal 2-block B 0 , the 2-block B 3 (only for 3 ∤ q), the 2-blocks of types B 1a , B 1b , B 2a , B 2b , of types B X 1 , B X 2 , B Xa , B X b , and those of 2-defect zero, where the 2-blocks of non-cyclic defect are exactly B 0 , B 3 (if 3 ∤ q), and those of types B 1a , B 1b , B 2a , B 2b , B X 1 and B X 2 (cf. also [4, p. 36] ).
For 3 ∤ q, by [15] the 3-blocks of G 2 (q) are given by the principal 3-block B 0 , the 3-block B 2 (only for 2 ∤ q), the 3-blocks of types B 1a , B 1b , B 2a , B 2b , of types B X 1 , B X 3 , B Xa , B X b if q ≡ 1 mod 3 or of types B X 2 , B X 6 , B Xa , B X b if q ≡ −1 mod 3, and those of 3-defect zero, where the 3-blocks of non-cyclic defect are exactly B 1 , B 2 (if q is odd) and those of types B δa , B δb and B X δ , where δ = 1 if q ≡ 1 mod 3 and δ = 2 if q ≡ −1 mod 3.
4.2.
Action of Automorphisms. We are interested in the action of the automorphisms of G on its irreducible Brauer characters as well as on its ℓ-weights in the cases ℓ = 2 and ℓ = 3, where ℓ ∤ q. By Proposition 4.8 it suffices to understand the behaviour of the Brauer characters and weights of G under the action of [4] for various primes ℓ. We summarize his results for ℓ ∈ {2, 3} and examine the action of Aut(G) on those weights. For the course of this section we also allow q < 5 since in certain cases we need to consider weights of the subgroup G 2 (p) of G 2 (q), which makes it necessary to include the groups G 2 (2) and G 2 (3) in our investigations. This shall not cause any problems here since neither our proofs nor any of the results we refer to rely on the condition that q 5.
The Case ℓ = 2. Let ℓ = 2 ∤ q and ε ∈ {±1} be such that q ≡ ε mod 4. Since any Sylow 2-subgroup of G is contained in the centralizer of an involution, so is any 2-subgroup of G. Let us hence fix the involution y := h a (−1)h b (−1) ∈ G for the following investigations. By application of Lemma 4.5 and the fact that
for γ ∈ Σ and z ∈ F × we obtain that y = h(1,
Proof. Since y ∈ T + ⊆ T, there exists an F-character χ such that y = h(χ). By [11, Thm. 4 
As y = h(1, −1, −1), it follows that y corresponds to the F-character χ : ZΣ −→ F × with χ(a + b) = 1 and χ(a) = −1, and since
for c 1 , c 2 ∈ Z, we have χ(r) = 1 for r ∈ Σ if and only if r ∈ {±(a + b), ±(3a + b)}.
Notation 4.13. For an even natural number n 2, a prime power q and a sign δ ∈ {±} we denote by CO
the conformal orthogonal group, the general orthogonal group and the special orthogonal group over F q of degree n and δ-type, respectively. We refer to [20, Sec. 2.5] for a detailed description of these groups. One should note that the notation in [20] differs from the notation used here in the way that in [20] the conformal orthogonal groups are denoted by GO ± n (q), while the general orthogonal groups are written as O ± n (q). Remark 4.14. It follows from [4, (1A) and (3D)] that C G (y) is isomorphic to SO + 4 (q). Now we study extraspecial 2-subgroups 2 
where the non-trivial element of C 2 acts on C 3 × C 3 by inversion.
Proof. The first statement is part of [3, (1G) Observe that for 3 | q, we have q ≡ 1 mod 8 if q is an even power of 3, and q ≡ 3 mod 8 else. Hence, q ≡ ±3 mod 8 immediately implies that q ≡ 3 mod 8 in this situation. 
is a radical 2-subgroup of both G 2 (3) and G 2 (q).
Proof. We first observe that R ∼ = 2
1+4 +
by exploiting the fact that 2
is the central product of two dihedral groups of order 8: from the relations in Theorem 3.1 we conclude that
We have y = h 3a+b (−1) = n 3a+b (1) 2 ∈ R, and one easily verifies that Z(R) = y . Hence,
, and from Lemma 4.15 it thus follows that R is 2-radical in both SO + 4 (q) and SO + 4 (3). The center of R is a characteristic subgroup of R, so we obtain that N G (R) ⊆ N G (Z(R)) = C G (y). Consequently, R is 2-radical in G 2 (q), and analogously it also follows that R is 2-radical in G 2 (3). 
Proof. In the proof of the Proposition 4.16 we observed that
whence we may apply Lemma 4.15 to deduce that
with the action of the non-trivial element of C 2 on C 3 × C 3 given by inversion. E.g. by application of Theorem 3.1 one verifies that the group
lies in R, so by the Chevalley commutator formula, Theorem 3.1(iv) and Lemma 4.5
with the action of h a (−1) given by inversion and : 
Let us parametrize the elements of
Proof. This is obvious by Lemma 4.7.
Let us now determine the conjugacy classes of the quotient N G (R)/R, where R is as in Proposition 4.16. Information on these will allow us to understand the action of Γ on the irreducible characters of N G (R)/R in the case that 3 | q. 
, and
Proof. This follows by easy computations. 
Proof. According to Lemma 4.15 it holds that
where the non-trivial element of C 2 acts on C 3 × C 3 by inversion. This group has identifier [18, 4] in the SmallGroups Library [6] provided by GAP [37] . We now study subgroups of G isomorphic to the central product 2 
Proof. For the first statement we note that both groups 2 1+2 + and D (q 2 −1) 2 may be embedded into GO ] it follows that they must even be conjugate in CO
by the first part, so it suffices to know that there exists at least one radical 2-subgroup of SO 
Proof. We have y = h a (−1)h b (−1) = h a+b (−1) ∈ R a+b , so in particular also h a (−1) ∈ R a+b . Using the relations given in Theorem 3.1 one can show that h a (−1)n a+b (1) has order 2 and acts on h a+b (t) | t ∈ F × q , t (q−1) 2 = 1 by inversion. Moreover, h a (−1)n 3a+b (1) has order 2 and acts on h a (−1)h a+b (i) by inversion, where i ∈ F × q denotes an element of order 4 (which exists by assumption). Now the subgroups
of R a+b commute with each other (following Lemma 4.2), both have center h a+b (−1) , and together they generate R a+b . We conclude that
as observed before, it is contained in both groups, and in fact both groups have center generated by y. Hence,
and from Lemma 4.22 we deduce that R a+b and R 3a+b are 2-radical in C G (y). Moreover, since Z(R a+b ) = Z(R 3a+b ) = y , also
Hence, R a+b and R 3a+b are 2-radical in G with N G (R a+b )/R a+b and N G (R 3a+b )/R 3a+b isomorphic to S 3 following Lemma 4.22. Now suppose there is g ∈ G such that
g as well. Easy calculations under consideration of Theorem 3.1 yield
It is well-known that all elements of T + = T F which are conjugate in G must be conjugate by an element of the Weyl group W (see, for instance, [9, Prop. 3.7.1]), which equals
Moreover, by Theorem 3.1(vii) we have
for all r, s ∈ Σ, and ω r (s) is a short root if and only if s is short, so there must exist a short root s such that
for all r ∈ Σ (note that the definition of _ , _ in [14] differs from the one used here in the way that the roles of the two arguments are interchanged). For r = a + b we have
since a + b and 3a + b are orthogonal roots. Hence, z 2 s, a+b = 1. Being a short root, s is contained in {±a, ±(a + b), ±(2a + b)}, so s, a + b ∈ {±1, ±2} by Lemma 4.5. Thus, z 4 = 1, which contradicts the assumption that z has order (q − 1) 2 and q ≡ 1 mod 8. We now study the action of Aut(G) on the 2-weights of G.
The Principal Block B 0 . The 2-weights of G belonging to the principal 2-block B 0 have been described by An in [4] as follows:
Moreover, if (R, ϕ) is a B-weight of G, then up to G-conjugation one of the following holds:
, and ϕ is the inflation of the Steinberg character of GL 3 (2) . There exists exactly one G-conjugacy class of such B-weights in G.
, and ϕ is the inflation of the unique irreducible character of S 3 of degree 2. There exists exactly one G-conjugacy class of such
There exists exactly one G-conjugacy class of such B-weights in G.
, and ϕ is the inflation of the unique irreducible character of S 3 of degree 2. There exist exactly two G-conjugacy classes of such B-weights in G.
, and ϕ is the inflation of the unique irreducible character of S 3 × S 3 of degree 4. There exist exactly two G-conjugacy classes of such B-weights in G. 
i) If R is as in (i), (ii), (iii) or (v) of Proposition 4.25, then up to
+ , then F p stabilizes the G-conjugacy class of (R, ϕ). If 3 | q, then two of the weight characters corresponding to R are stabilized by Γ, the remaining two are interchanged.
Proof. (i) This is clear in cases (i), (ii) or (iii) of Proposition 4.25 since the character ϕ is uniquely determined by R and there exists a unique G-conjugacy class of B-weights with first component isomorphic to R. If R is as in (v) of Proposition 4.25, then there exist exactly two G-conjugacy classes of B-weights of type (R, ϕ) with ϕ uniquely determined by R, and at least one of these has a representative with first component lying in G 2 (p), so both classes are stabilized by F p . If p = 3, then the automorphism Γ also acts on G 2 (3), which contains exactly one conjugacy class of such R by Proposition 4.25(vi). Hence, Γ stabilizes both G-conjugacy classes of R that exist in G = G 2 (q), so in particular, the G-conjugacy class of (R, ϕ) is stabilized.
For (ii) we observe that in consequence of Lemma 4.23 we may assume that up to G-conjugation R is one of R a+b or R 3a+b . Since R a+b and R 3a+b are not G-conjugate by Lemma 4.23, it follows from Proposition 4.24 that the claim holds if q ≡ 1 mod 8. Now suppose that q ≡ −1 mod 8. Then we have q = p f for odd f and p = 3. Hence, the automorphism Γ does not exist, and F p has odd order f on G. Consequently, F p must stabilize both G-conjugacy classes of type (R, ϕ).
For (iii) we observe that by Proposition 4.25(vi) there exists a unique G-conjugacy class of B-weights of type (R, ϕ) in G, and this has a representative with first component contained in G 2 (p), so assume that R G 2 (p). Moreover, q ≡ ±3 mod 8 implies that also p ≡ ±3 mod 8, so by the same proposition N G (R) = N G 2 (p) (R). We deduce that F p stabilizes all characters of N G (R)/R, so in particular (R, ϕ) is stabilized. For p = 3 we may assume that R is as in Proposition 4.16, whence the action of Γ on the irreducible characters of N G (R)/R of degree two is described in Proposition 4.21.
The Blocks of Types
Proposition 4.27. The following statements hold for a 2-block B of G:
In particular, in any of these cases Aut(G) B acts trivially on W(B).
Proof. These statements follow from the proof of [4, (3I)].
The Case ℓ = 3. Let ℓ = 3 so that 3 ∤ q. Moreover, define ε ∈ {±1} to be such that q ≡ ε mod 3 and recall that we also allow q < 5 here. For convenience we will mainly work with the group G ε = G Fε throughout this section since it provides a particularly nice description for the maximal torus T ε = T Fε , see Table 1 . By [4, (1E)] we have
Since we also have
in this case (cf. Lemma 4.4). Let us now consider the group
The Steinberg relations show that L ∼ = SL 3 (F). Moreover, L is stable under both F + and F − , and we set
where SU 3 (q) denotes the special unitary group of degree 3 over F q 2 . In addition, we set
L ε as the transpose-inverse automorphism does on SL 3 (εq) (cf. Lemma 4.4). Clearly, the field automorphism F p of G ε acts on both L ε and K ε , and
Part of the subsequent result is due to Hiß-Shamash [15] , who determined the 3-blocks and corresponding Brauer characters of G 2 (q) for q not divisible by 3: 
Proof. Hence, if B is a non-principal 3-block of G ε that has non-cyclic defect groups, then up to G ε -conjugation all B-weights of G ε derive from the radical 3-subgroup R = O 3 (T ε ) of G ε . According to Construction 2.3 the irreducible characters of R C Gε (R) = T ε play a major role in this case. We fix the following parametrization for Irr(T ε ):
× be of order q − ε and denote by θ 0 the irreducible character of z given by θ 0 (z) = exp(2πi/(q − ε)). Then the irreducible characters of T ε may be parametrized as
Let us now examine how the normalizer of T ε in G ε acts on Irr(T ε ). At the beginning of the present section we observed that N Gε (T ε ) = T ε , n r (1) | r ∈ Σ , whence it suffices to understand the action of n r (1), r ∈ Σ, on Irr(T ε ).
Proof. This is a direct consequence of Lemma 4.2 and Lemma 4.3.
Proof. This follows easily from Lemma 4.30 since N Gε (T ε )/T ε = T ε , n r (1) | r ∈ Σ /T ε is dihedral of order 12, and as such it contains exactly seven involutions, which must be given by the elements n r (1)T ε , r ∈ Σ a positive root, and v 2 T ε .
The Principal Block B 0 . The statement below provides information on the local properties of extraspecial 3-subgroups 3
1+2 +
of G ε of order 3 1+2 and exponent 3. Along with the Sylow 3-subgroups of G ε these groups give rise to the 3-weights for the principal 3-block B 0 . Proposition 4.32. For R G ε with R ∼ = 3 1+2 + the following statements hold:
conjugacy class of subgroups isomorphic to R, and we have
Proof. This is proven in [4, (1E) ] and [4, (1G) ].
and ϕ is the inflation of one of the seven irreducible characters of
N Gε (R)/R. (ii) (q 2 − 1) 3 > 3, R ∈ Syl 3 (G ε ) is a Sylow 3-subgroup of G ε , N Gε (R)/R ∼ = C 2 × C 2 ,
and ϕ is the inflation of one of the four linear characters of
C 2 × C 2 . (iii) (q 2 − 1) 3 > 3, R L ε with R ∼ = 3 1+2 + such that it holds N Gε (R) = N Kε (R), | N Kε (R) : N Lε (R)| = 2,
and ϕ is the inflation of one of the two extensions of the Steinberg character of
where it holds that N Gε (R) = N Lε (R), and ϕ is the inflation of the Steinberg character of N Gε (R)/R ∼ = Sp 2 (3). There exists exactly one G ε -conjugacy class of such R in G ε .
Proof. This follows from the proof of [4, (3A) ] and Proposition 4.32.
Proof. Since 3 ∤ q, according to Proposition 4.8 it suffices to prove that F p stabilizes any conjugacy class of B-weights in G ε . We go through the cases listed in Proposition 4.33.
Let (R, ϕ) be as in Proposition 4.33(i). Then R is a Sylow 3-subgroup of G 2 (q), and by Proposition 4.32 we have | N G 2 (q) (R)/R | = 2|Q 8 | = 16. Now consider the group G 2 (p). Since p = 3, this has |G 2 (p)| 3 = |R|, and by changing to a G 2 (q)-conjugate we may thus assume that R G 2 (p). Again by Proposition 4.32 it follows that also
In particular, F p acts trivially on R and N G 2 (q) (R), and thus leaves (R, ϕ) invariant. Now suppose the situation of Proposition 4.33(ii), i.e., (q 2 − 1) 3 > 3 and R ∈ Syl 3 (G ε ). Following the proof of [4, (1E)] we may assume that
, where : N Gε (R) ։ N Gε (R)/R denotes the natural epimorphism. We claim that F p acts trivially on N Gε (R)/R.
Suppose that F p (sv 2 ) = tn b (1)
In particular, since 3 | (q − ε), we may always find
is impossible. Similar arguments show that F p , which stabilizes R, acts trivially on N Gε (R)/R, and thus on any B-weight (R, ϕ).
Let now (q 2 − 1) 3 > 3 and R ∼ = 3 
which is extraspecial of order 3 1+2 and exponent 3 (cf. the proof of [4, (1G)]). Recall that by Proposition 4.32 there exist exactly three L ε -conjugacy classes of subgroups isomorphic to R in L ε ∼ = SL 3 (εq), two of which are conjugate under G ε , and the other one having a representative that is stabilized by v 2 respectively by the transpose-inverse automorphism (cf. also the proof of [4, (1G)]). This automorphism fixes R ′ , so if R is as in (iii), then we may suppose that R corresponds to the group R ′ in SL 3 (εq) ∼ = L ε and N Gε (R) = N Lε (R), v 2 . In particular, R is stabilized by F p . Let St ± ∈ Irr(N Gε (R)/R) denote the two extensions of the Steinberg character St of 
Moreover, being the unique irreducible character of N Gε (R)/R of degree 3, St is left invariant by F p , so (iv) . Then up to G ε -conjugation R is uniquely determined in G ε by its normalizer N Gε (R), and ϕ is uniquely determined by R, so the G ε -conjugacy class of (R, ϕ) is stabilized by Aut(G ε ). This completes the proof.
The Block B 2 . Recall that this 3-block only exists if q is odd.
and if a linear character θ ∈ Irr(T ε ) is a constituent of ϕ |Tε , then θ 2 = 1 Tε = θ and
The set Irr(N Gε (R) θ | θ) consists of four distinct extensions of θ, and
Proof. All but the last assertion follow from Proposition 4.28 and the proof of [4, (3B)]. As before, for the last claim it suffices to check invariance under the action of F p . We let (R, ϕ) be a B-weight of G ε and assume that R = O 3 (T ε ) with R C Gε (R) = T ε and N Gε (R) = N Gε (T ε ). Let θ be an irreducible constituent of ϕ |Tε . Then this has order 2, so in the parametrization of Notation 4.29 it follows that θ is one of
0 . The latter two characters are conjugate to the first via n a (1) and n a+b (1), respectively (cf. Lemma 4.30), so since by Clifford theory all irreducible constituents of ϕ |Tε are N Gε (T ε )-conjugate, we may assume that
Since F p acts trivially on both n b (1) and v 2 , it follows that F p stabilizes N Gε (R) θ and we have
Fp for all ψ ∈ N Gε (R) θ . Thus, we only need to check that any extension of θ to N Gε (R) θ stays invariant under F p . But this follows from [34, Rmk. 9.3(i)] since θ is linear,
Remark 4.36. By Proposition 4.35 for the 3-block B = B 2 , a B-weight (O 3 (T ε ), ϕ) and an irreducible constituent θ ∈ Irr(T ε ) of ϕ |Tε we have θ 2 = 1 Tε , θ = 1 Tε , and θ extends to its stabilizer N Gε (T ε ) θ in N Gε (T ε ). This is stated in [4, (3B) ] but the proof of the extendibility of θ given there is not very precise. For later use it will be convenient to reprove it here in more detail. As in the proof of Proposition 4.35 we may assume that
. From Theorem 3.1(vi) and Table 2 it follows that n b (1) and v 2 commute. Since T ε , n b (1) /T ε is cyclic, there exists an extension η of θ to T ε , n b (1) (e.g. [17, Problem 6.17]), and as
The Blocks of Types B 1a , B 1b , B 2a and B 2b . We set
so if a 3-block B is of type B a or B b , then it possesses non-cyclic defect groups. We write B ∈ {B a , B b } in this case.
and C Gε (R) = T ε , and for any constituent θ ∈ Irr(T ε ) of ϕ |Tε we have
Proof. All but the last assertion follow from Proposition 4.28 and the proof of [4, (3B) ]. To prove the last claim, let (R, ϕ) be a B-weight of G ε and assume that R = O 3 (T ε ) with N Gε (R) = N Gε (T ε ), and N Gε (R) θ /T ε ∼ = C 2 if θ ∈ Irr(T ε ) is a constituent of ϕ |Tε . Since by Clifford theory all irreducible constituents of ϕ |Tε are N Gε (T ε )-conjugate, in consequence of Corollary 4.31 we may assume that
for a suitable 0 < i < q − ε, whence by Lemma 4.30 we have
For this one should note that v 2 ∈ N Gε (R) θ as otherwise θ would be as in the proof of Proposition 4.35 with N Gε (R) θ ∼ = C 2 × C 2 . In particular, i = (q − ε)/2.
Let us now suppose that a ∈ Aut(G ε ) B . Since any inner automorphism of G ε stabilizes B, we may assume that a = F k p for some k ∈ N (cf. Proposition 4.8), so that (R, ϕ) a = (R, ϕ)
and we need to prove that ϕ is left invariant by F k p . Due to the fact that F p , and hence also a = F k p , acts on T ε , we have that θ a is an irreducible character of T ε . Since (R,
0 . Note that these characters are pairwise distinct as i = (q − ε)/2 and 2i ≡ −i mod (q − ε), where the latter holds since otherwise θ would be of order 3, which is not possible since O 3 (T ε ) ⊆ ker(θ). Now a = F k p acts on Irr(T ε ) by raising the linear characters of T ε to their p k -th power, that is,
Hence, since θ a and θ are N Gε (T ε )-conjugate, the above observations on the shapes of the N Gε (T ε )-conjugates of θ imply that θ a ∈ {θ, θ −1 }. According to Lemma 4.30 we have θ −1 = θ v 2 . Let us introduce the notation c x (g) = xgx −1 for all x, g ∈ G ε and set
Then θ a ′ = θ, and ϕ is left invariant by a = F k p if and only if it is stabilized by a ′ since v 2 ∈ N Gε (T ε ) = N Gε (R). Moreover, in consequence of Theorem 3.1(vi) and Table 2 we have [n 2a+b (1), n b (1)] = 1, whence it follows that a ′ stabilizes both n b (1) and n 2a+b (1). Now by the first part of the claim there exists ψ ∈ Irr(N Gε (T ε ) θ | θ) such that ϕ = ψ N Gε (Tε) and hence
, n 2a+b (1) and θ. We prove that ψ a ′ = ψ. It holds that (ψ a ′ ) |Tε = θ = ψ |Tε . Moreover, we have N Gε (T ε ) θ = T ε , n , where n equals n b (1) or n 2a+b (1) depending on θ, and n is left invariant by a ′ . Hence, since ψ is linear, we conclude that ψ a ′ (n) = ψ(n) = 0, implying in accordance with [34, Rmk. 9.3(i)] that ψ a ′ = ψ. Thus, we have ϕ a = ϕ a ′ = ϕ as claimed, which concludes the proof. Proof. We assume first that B is not the principal 2-block of G. By [4] We may now prove our first main result:
The Blocks of Types
Proof of Theorem A. The simple group G = G 2 (q) is its own universal covering group if q 5, and by Proposition 4.8 its outer automorphism group is cyclic.
Let ℓ be a prime dividing |G|. If ℓ = p, then the claim holds by [35, Thm. C], so we assume that ℓ = p. Then ℓ divides at least one of the factors Φ 1 (q), Φ 2 (q), Φ 3 (q) and Φ 6 (q). Using [23, Lemma 5.2] one sees that if ℓ 5, then it divides exactly one of Φ 1 (q), Φ 2 (q), Φ 3 (q) or Φ 6 (q). Suppose that 5 ℓ | Φ 3 (q)Φ 6 (q). Then a Sylow ℓ-subgroup of G is contained in a maximal torus of G of type T 3 or T 6 depending on whether ℓ divides Φ 3 (q) or Φ 6 (q), so in particular the Sylow ℓ-subgroups of G are cyclic in this case (cf. The case of non-cyclic ℓ-blocks of G for ℓ ∈ {2, 3} is treated in Proposition 4.39, which concludes the proof.
The Groups
D 4 (q)
We now turn to the second series of exceptional groups of Lie type treated here, the Steinberg triality groups 3 D 4 (q). We consider a root system Σ of type D 4 over the field of real numbers, i.e.,
Properties of
where e 1 , e 2 , e 3 , e 4 form an orthonormal basis of R 4 . Inside Σ we fix a base for this root system given by Π = {r 1 , r 2 , r 3 , r 4 }, where r 1 := e 1 − e 2 , r 2 := e 2 − e 3 , r 3 := e 3 − e 4 and r 4 := e 3 + e 4 .
Let G = D 4 (F) be a universal Chevalley group of type D 4 over F with Steinberg generators x r (t), h r (s) and n r (s), r ∈ F, s ∈ F × , as in Theorem 3.1. We fix a prime power q = p f , f ∈ N >0 . The field automorphism F −→ F, a −→ a q , induces a Frobenius endomorphism F q of G (cf. Section 4.1). Another endomorphism of G is obtained as follows. We consider the triality symmetry ρ of the Dynkin diagram of type D 4 given by
There exists a unique isometry of R 4 = RΣ which maps each r ∈ Π to its image ρ(r) under ρ, cf. [ 
This satisfies τ (n r (t)) = n ρ(r) (t) and τ (h r (t)) = h ρ(r) (t) for r ∈ Σ, t ∈ F × . Note that τ commutes with F q and has order 3 as an automorphism of G.
We define the endomorphism F of G as the product τ F q = F q τ . Then
By [10, Thm. 14.3.2] its order is given by
It is well-known that for any prime power q the group 3 D 4 (q) is simple and constitutes its own universal covering group, see, e.g., [25, Let us reconsider the isometry ρ of R 4 = RΣ defined above. For a root r ∈ Σ we let r := 1 3 (r + ρ(r) + ρ 2 (r)) denote the orthogonal projection of r onto the subspace of RΣ invariant under ρ. By [25, Example 23.6 ] the set Σ := { r | r ∈ Σ} forms a root system of type G 2 . For S ∈ Σ we define Σ(S) := {r ∈ Σ | r = S}. Then for each S ∈ Σ the set Σ(S) is the positive system of roots of a root system of type A 1 or A For S ∈ Σ we define the group X S := x r (t) | r ∈ Σ(S), t ∈ F G . Moreover, for S ∈ Σ, r ∈ Σ with r = S, and t ∈ F q 3 we set 
, and since G is universal, according to [36, Lemma 64 ] the group G = G F is generated by the fixed point groups X F S with S ∈ Σ.
Weyl Group and Maximal Tori of
3 D 4 (q). Let T be the F -stable maximal torus of G generated by all elements h r (t), r ∈ Σ, t ∈ F × , and W = N G (T)/ T be the corresponding Weyl group. As is well-known, W is isomorphic to ω r | r ∈ Σ via n r (1) T → ω r , so we may identify those two groups in the following. Now we denote by ω 0 the longest element of W and by r * the highest root of Σ. Then ω 0 = −1 by [14, Rmk. 1.8.9] and one easily verifies that the root e 1 + e 2 ∈ Σ has height 5 with respect to the chosen base Π, which makes it the highest root of Σ. Moreover, we use the short notation
There exist seven G-conjugacy classes of maximal tori in G with representatives in G given in Table 4 below, see [12, p. 42] and [18, Table I ]. Table 4 . Maximal tori of
The action of the Weyl group W on the maximal torus T is given as follows: Proof. Easy calculations using Theorem 3.1.
Let us now take a closer look at the Weyl groups associated to the maximal tori of types T + and T − , which will occur most frequently in the following. Proof. Since w ∈ Z(W), it suffices to show that ω r 2 and ω r 1 ω r 3 ω r 4 are fixed under the action of F . The element ω r 2 is identified with n r 2 (1) T and we have
by definition of F , so clearly ω r 2 ∈ W wF . Again by definition of F we moreover have
= n r 3 (1)n r 4 (1)n r 1 (1).
Now the roots r 1 , r 3 and r 4 are pairwise perpendicular, whence the corresponding reflections commute, i.e., n r 3 (1)n r 4 (1)n r 1 (1) and n r 1 (1)n r 3 (1)n r 4 (1) agree modulo T. Consequently, ω r 1 ω r 3 ω r 4 is fixed by F , and hence by wF , as claimed.
Proof. Following Lemma 5.2 we have ω r 2 , ω r 1 ω r 3 ω r 4 ∈ W wF . Moreover, by direct calculations the elementω := ω r 1 ω r 3 ω r 4 ω r 2 ∈ W wF has order 6, and, naturally, the order of the reflection ω r 2 in W wF is 2. Direct calculations show that ω r 2 acts on w by inversion. Hence, the claim follows since by Table 4 the group W wF is dihedral of order 12. 
Automorphisms of
Since F p clearly commutes with F , it also induces an automorphism of G = G F , which will be called the field automorphism F p of G. Note that its order in Aut(G) is given by 3f , where q = p f , since G D 4 (q 3 ) as observed before.
In particular, the outer automorphism group of G is cyclic.
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Proof. This is a well-known statement, which may, for instance, be derived from [25, G under τ (or equivalently under F q ) .
Proof. This is well known and follows from the fact that G is generated by the groups X F S , S ∈ Σ, with (X
and the generators x S (t), S ∈ Σ, t ∈ F q , satisfy the same relations as for type G 2 (cf., e.g., [14, Thm. 1.12.1, Proof. This is a consequence of the previous proposition as for S ∈ Σ, t ∈ F q , we have F p (x S (t)) = x S (t p ), i.e., the operation of F p on the generators x S (t) is as for type G 2 .
We now consider further subgroups of G, some of which we have already encountered as subgroups of G 2 (q) in Section 4. We stick to the notation used in [5] . The subgroups of G introduced now are denoted K δ and L δ . These groups already appeared in Section 4.2.2 as subgroups of G 2 (q).
Definition 5.7. We fix a maximal subgroup G ∼ = G 2 (q) of G. Then following [5, p. 275 ] for δ ∈ {±1} there exist maximal subgroups K δ of G such that these contain subgroups
and K δ is the extension of L δ by an involutory outer automorphism.
Two further subgroups will play a role here. For the definition of these a classification of semisimple elements of G is needed, for which we refer to [12, The study of the action of Aut(G) on the conjugacy classes of the ℓ-weights in G, ℓ ∈ {2, 3}, is conducted blockwise, the main distinction being made between ℓ-blocks of abelian defect and ℓ-blocks of non-abelian defect.
The Case ℓ = 2. Throughout this section we assume that ℓ = 2 ∤ q and let ε ∈ {±1} be such that q ≡ ε mod 4.
The 2-weights of G for the principal 2-block B 0 have been described by An [5] as in Proposition 5.11 below. Note that there are significant parallels to the situation of the principal 2-block of G 2 (q) (cf. Proposition 4.25). 
, and ϕ is the inflation of the Steinberg character of GL 3 (2) . There exists exactly one G-conjugacy class of such B-weights in G. [4, (2B) ]. Thus, we observe that N G (R) is already contained in G. Proof. Let (R, ϕ) be a B-weight. If R is as in Proposition 5.11(i), (ii) or (iii), then the G-conjugacy class of (R, ϕ) is uniquely determined by the isomorphism type of R. Hence, it stays invariant under Aut(G).
Suppose now that R is as in (iv), (v) or (vi) of Proposition 5.11. Following Remark 5.12 we may assume that N G (R) is contained in the subgroup G ∼ = G 2 (q), where G is as in Proposition 5.5. According to Proposition 5.4 we have Aut(G) = G, F p with F p stabilizing G and acting on it as a field automorphism of G 2 (q) by Corollary 5.6. Now let a be an element of Aut(G). Inner automorphisms of G do not play a role here, i.e., we may assume that a = F i p for some i ∈ N. Now R N G (R) G, so we may regard (R, ϕ) as a 2-weight for G and a = F Let us now turn towards the abelian defect case.
Proposition 5.15. Suppose that B is a 2-block of G which has a non-cyclic abelian defect group D. Then the following statements hold:
ii) Consider Irr(T ) as an abelian group and fix an isomorphismˆ: T −→ Irr(T ). Up to G-conjugation there exists a unique
Proof. For (i) we observe that according to [12, Prop. 5.8 ] the centralizer C G (D) =: T is a maximal torus of G such that D = O 2 (T ). Since maximal tori of G of types T 1,± and T 3 are cyclic and maximal tori of types T 2,± have odd order, it follows that T must be of type T δ for some δ ∈ {±1}. But by [5, (2D)(a) ] the centralizer of O 2 (T δ ) in G is a maximal torus if and only if δ = ε, so T must be of type T ε . Moreover, by the same reference it follows that
Parts (ii) and (iii) can be found as parts (b) and (c) of Proposition 5.8 in [12] .
Proposition 5.16. Let B be a 2-block of G with non-cyclic abelian defect groups. Then Aut(G) B acts trivially on W(B).
Proof. Suppose that (R, ϕ) is a B-weight. Since B has abelian defect, it follows from Lemma 2.4 that R is a defect group of B. Hence, due to Proposition 5.15(i) we have
Since B is non-principal and s is of odd order, it follows that s 2 = 1. Hence, according to [12, Table 3 .4] up to isomorphism we have C W (T ) (s) ∈ {{1}, C 2 , S 3 }. However, b has defect group R, and since B = b G has defect group R as well, [27, Thm. 9.22] implies that the index | N G (T ) θ : T | is prime to 2. We conclude that N G (T ) θ = T .
Following Construction 2.3 we hence have ϕ = θ N G (T ) , so ϕ is uniquely determined by R and B. If a ∈ Aut(G) B , then as above the first component R a of the B-weight (R, ϕ) a must be a defect group of B, so in particular it is G-conjugate to R.
The Case ℓ = 3. Throughout this section we assume that 3 ∤ q and denote by ε the unique element in {±1} with q ≡ ε mod 3. If T is a maximal torus of G of type T ε , then in consequence of [5, (1A) ] it holds that N G (T )/T ∼ = D 12 . We let G ∼ = G 2 (q) be as in Proposition 5.5 and assume that T is such that T := T ∩ G is a maximal torus of G isomorphic to C q−ε × C q−ε . Then as observed in the case ℓ = 3 for G 2 (q) it also holds that N G ( T )/ T ∼ = D 12 . This allows us to prove the following two statements:
as in Proposition 5.5 and let T be a maximal torus of G of type
Proof. Since T ∼ = C q 3 −ε × C q−ε , there exist exactly 8 elements of order 3 in T , all of which already lie in T and centralize each other. Following Table 4 some of these are of the form x = h(z, z −1 , z, z) with z ∈ F × of order 3, and by [12, Tables 2.2a, 2.2b] these have
with x ∈ Z, depending on whether q is even or odd. Then x, x −1 ∈ Z, and the residue class of any other element of T of order 3 is non-trivial in C G (x)/Z. Hence, for y ∈ T of order 3 with y = x, x −1 we have
Proposition 5.18. In the situation of Lemma 5.17 we have
, and since N G (T )/T and N G ( T )/ T are isomorphic to D 12 and
we obtain equality. By Lemma 5.17 we have C G ( T ) = T , so every element of G which normalizes
We first consider the 3-blocks of G with non-abelian defect. For the principal 3-block B 0 the following has been shown to hold by An, see [5, (1A) 
and ϕ is the inflation of one of the two extensions of the Steinberg character of Sp
2 (3) to N G (R)/R C G (R). There exists exactly one G-conjugacy class of such R in G. (ii) R ∈ Syl 3 (G), C G (R) ∼ = C q 2 +εq+1 , N G (R)/R C G (R) ∼ = C 2 × C 2 ,
and ϕ is the inflation of one of the four irreducible characters of
N G (R)/R C G (R). (iii) R = O 3 (T ) for a maximal torus T of G of type T 2,ε , N G (R)/R C G (R) ∼ = Sp 2 (3) with C G (R) = T ,
and ϕ is the inflation of the Steinberg character of N G (R)/R C G (R).
In order to understand the action of Aut(G) on the 3-weights associated to the principal 3-block of G we need the following observation given by [5, (1C) 
Lemma 5.21. Let T be a maximal torus of G of type T ε . Then there exists an automorphism a ∈ Aut(G) T with Out(G) = a Inn(G) which acts trivially on N G (T )/T .
Proof. Let G ∼ = G 2 (q) be as in Proposition 5.5. If necessary, after replacing T by a G-conjugate we may assume that T := T ∩ G is a maximal torus of G isomorphic to C q−ε × C q−ε . By Remark 4.9(ii) in conjunction with the fact that N G ( T )/ T ∼ = D 12 , and possibly after G-conjugation, there exists an automorphismã of G (e.g. the field automorphism of G) such that Out( G) = ã Inn( G) ,ã( T ) = T , and every element of N G ( T ) can be written as nt with t ∈ T and n ∈ N G ( T ) such thatã(n) = n. Now the field automorphism F p acts on G and hence, since Out( G) = ã Inn( G) , there is some k ∈ N and g ∈ G such that F p acts asã k c g on G. Then a := F p c g −1 fixes G and T , and hence T since T = C G ( T ) by Lemma 5.17. Moreover, Out(G) = a Inn(G) . Now let x ∈ N G (T ). Following Proposition 5.18 it holds that N G (T ) = N G ( T )T , and hence x = ms for some m ∈ N G ( T ) and s ∈ T . Now we have m = nt for suitable elements t ∈ T and n ∈ N G ( T ) such thatã(n) = n. But then x = nts ∈ nT and a(x) = a(nts) =ã k (n)a(ts) = na(ts) ∈ nT, so a(x) and x coincide modulo T , i.e., a acts trivially on N G (T )/T . Proof. We go through the distinct cases in Proposition 5.19. Let (R, ϕ) be a B-weight of G. If R = O 3 (T ) for a maximal torus T of G of type T 2,ε , then by Proposition 5.19(iii) the G-conjugacy class of (R, ϕ) is uniquely determined by B and the isomorphism type of R. Hence, it stays invariant under Aut(G). Suppose now that R is as in Proposition 5.19(i). Then by Lemma 5.20 the group R is uniquely determined up to G-conjugation. Hence, we may assume that R is contained in the maximal subgroup of G isomorphic to G 2 (q) as in Proposition 5.5 and has the same form as in the proof of Proposition 4.34 for case (iii). As in that proof, the element ρ in Lemma 5.20 can be chosen such that ρ ∈ N Kε (R) and F p acts trivially on ρ. Moreover, R is stabilized by F p . According to Proposition 5.19(i) the character ϕ corresponds to one of the two extensions St ± of the Steinberg character of
As in the proof of Proposition 4.34 one shows that F p leaves both St + and St − invariant. In particular, the G-conjugacy class of (R, ϕ) is fixed by Aut(G). Finally, we suppose that R ∈ Syl 3 (G). Then from Proposition 5.19 it is known that
We prove that there exists a ∈ Aut(G) R which acts trivially on N G (R)/R C G (R) and with Out(G) = a Inn(G) . Following the proof of [5, (1A)] we may assume that N G (R) is contained in N G (T ) for some maximal torus T of type T ε , and where in addition N G (T ) = T, ρ, τ, σ for suitable ρ, τ, σ ∈ G such that R = O 3 (T ), σ , σ has order 3 modulo T , ρT generates the center of N G (T )/T ∼ = D 12 , and τ −1 στ coincides with σ −1 modulo T . Moreover, by the same reference C G (R) ⊆ T , N G (R) = R C G (R), ρ, τ , and we have
By Lemma 5.21 there existsã ∈ Aut(G) T such that Out(G) = ã Inn(G) andã acts trivially on N G (T )/T . Since Rã N G (T ) and R is a Sylow 3-subgroup of G and hence of N G (T ), there exists y ∈ N G (T ) such that Rã y = R, i.e., the automorphism a :=ãc y ∈ Aut(G) stabilizes R, so in particular it acts on N G (R)/R C G (R). Moreover, it holds that a Inn(G) = ã Inn(G) = Out(G).
Since N G (T ) = T, ρ, τ, σ and ρ, τ, σ ∈ N G (R), we may assume that y ∈ T . We prove that a acts trivially on
and analogously c y (τ ) ∈ τ T . Hence, it follows that a(ρ) ∈ ρT and a(τ ) ∈ τ T sinceã acts trivially on
in contradiction to the order of σ being 3 modulo T . Similar arguments prove that a stabilizes every element of N G (R)/R C G (R), and hence the weight (R, ϕ). 
where St denotes the inflation of the Steinberg character of N Hε (R)/R C G (R) and θ is an extension of θ to N G (R) θ . The character ϕ is uniquely determined by R and B, and there exists exactly one G-conjugacy class of such B-weights in G.
Proof. This follows from [5, (1A) ] and the proof of [5, (3B) ].
In order to understand the action of Aut(G) on the 3-weights of G described in Proposition 5.23 above we need the following lemma:
Lemma 5.24. Let R be as in Proposition 5.23(ii) . Then
for some x ∈ U with x 2 ∈ R.
Proof. By the proof of [5, (3B) ] there exists a subgroup U H ε such that we have
which proves the claim. a of R C G (R) must be conjugate under N G (R) by Brauer's extended first main theorem [27, Thm. 9.7] , and hence also their canonical characters θ and θ a are N G (R)-conjugate. Without loss of generality we may thus assume that θ a = θ. Let x ∈ H ε be as in Lemma 5.24, i.e., such that N Hε (R) = R, x × Z(H ε ) 3 ′ and x 2 ∈ R. From Proposition 5.23(ii) it follows that N G (R) θ = N Hε (R), so
Suppose that x a = v · z for some v ∈ R, x and z ∈ Z(H ε ) 3 ′ . Then
Since v 2 ∈ R, we also have z 2 ∈ R. But as Z(H ε ) ∼ = C q 2 +εq+1 (cf. Proposition 5.23(ii)), it follows that Z(H ε ) 3 ′ has odd order. Hence, we conclude that z 2 can only be contained in the 3-group R if z = 1. Thus, x a ∈ R, x , so a −1 and a act on R, x , and we may write a(x) = rx for some r ∈ R.
Now there exist exactly two extensions of θ to N G (R) θ , say θ + and θ − with θ + (x) = 1 and θ − (x) = −1 (for this recall that x 2 ∈ R and θ is a linear character of R C G (R) with R in its kernel). We write θ ± (x) = ±1. It holds that
so we have (θ ± ) a = θ ± . Denote by ψ + and ψ − the induced characters (θ + ) N G (R) and (θ − ) N G (R) , respectively. Then ϕ ∈ {ψ + , ψ − }, and we have
and analogously, (ψ − ) a = ψ − , so (R, ϕ) is left invariant by a as claimed.
We next consider 3-blocks of abelian defect. 
Since B is non-principal, we have s = 1. Then by [12, Lemma 3.4] up to isomorphism it holds that C W (T ) (s) ∈ {{1}, C 3 }. We now conclude as in the proof of Proposition 5.16.
In the following we concentrate on the case of 3-blocks of G that have a defect group O 3 (T ) for a maximal torus T of G of type T ε and reduce this to a question on 3-weights of G 2 (q). We let G = G Fq ∼ = G 2 (q) be a maximal subgroup of G as in Proposition 5.5 and we fix a maximal torus T of G of type T ε such that T := T ∩ G is a maximal torus of G isomorphic to C q−ε × C q−ε . As observed earlier, we have
Furthermore, we define R := O 3 (T ) and R := O 3 ( T ). Now let B be a 3-block of G with defect group R. Since B has abelian defect, it follows from Lemma 2.4 that a 3-subgroup Q G is G-conjugate to R whenever there exists a B-weight with first component Q.
If (R, ϕ) is a B-weight of G and θ ∈ Irr(T ) is an irreducible constituent of ϕ |T , then B = bl(θ)
G following Construction 2.3. Let us now define B := bl(θ | T )
G . Our objective is to relate the B-weight (R, ϕ) of G to a (set of) B-weight(s) of G. To this end we examine the restriction of the weight character ϕ to N G ( T ). In this connection the irreducible characters of T will play a key role, whence we fix the following parametrization for Irr(T ): Notation 5.28. Identify C q 3 −ε and C q−ε with the unique subgroups of the cyclic group F × q 6 of orders q 3 − ε and q − ε, respectively, and fix an element z ∈ F × q 6 of order q 3 − ε. With the linear map θ 0 defined by θ 0 (z) = exp(2πi/(q 3 − ε)) we obtain
By writing θ 0 instead of θ 0|C q−ε we also have
This yields a parametrization for Irr(T ) given by
where we have
The following series of lemmata will allow us to handle all situations which may occur when restricting a character ϕ coming from a B-weight (R, ϕ) of G to N G ( T ).
Lemma 5.29. Suppose that θ ∈ Irr(T ). Then T is contained in the kernel of θ if and only if
Proof. We consider the elementω ∈ W (T ) = N G (T )/T corresponding to the reflection ω r 1 ω r 3 ω r 4 ω r 2 . Such an element exists in W (T ) as a result of Lemma 5.2, and it has order 6 in W (T ). We set ω :=ω 
Proof. Suppose that neither (i) nor (ii) hold. We show that (iii) holds in this case. The 3-block b has defect group O 3 (T ), whence it follows from [27, Thm. 9.22] that 3 does not divide | N G (T ) θ : T |. In particular, up to isomorphism we have
The group N G (T )/T contains exactly two elements of order 3, which are given by ω and ω −1 , where ω is as in the proof of Lemma 5.29. We prove that ω ∈ N G (T ) θ . To this end we assume the contrary, i.e., ω ∈ N G (T ) θ . Write θ = θ 
or, equivalently, i ≡ i + j(q 2 + εq + 1) mod q − ε and j ≡ −i − 2j mod q − ε. These conditions are fulfilled if and only if 3j ≡ 0 mod q − ε and i ≡ 0 mod q − ε. But θ is the canonical character of the 3-block b, whence in particular we have (q − ε) 3 | j, so in fact j ≡ 0 mod q − ε. Hence, T ⊆ ker(θ) and Lemma 5.29 
We go through the three cases specified in Lemma 5.30. Case (i) may be treated easily: 
and from Lemma 5.29 we know that θ is not the trivial character of T , so θ is of order 2 as well. Then by Remark 4.36 there exist n 1 , n 2 ∈ N G ( T ) with [n 1 , n 2 ] = 1 and n 
In particular, the characters in
Proof. This follows from Proposition 5.18, Remark 4.36 and Gallagher's theorem.
Proof. Let r, e i > 0 and ψ i ∈ Irr(N G ( T )) for i ∈ {1, . . . , r} with ψ i = ψ j if i = j be such that
By Clifford theory [17, Thm. 6.5] we may write
by Proposition 5.18, the character θ j is in fact conjugate to θ via an element of N G ( T ), so in particular it follows that (θ j ) | T and θ = θ | T are N G ( T )-conjugate. Hence, by Clifford theory the character θ is a constituent of ψ | T as claimed. 
In particular, if χ is an irreducible constituent of ϕ, then ( R, χ) is a B-weight for G, where
e i ψ i . 
By Construction 2.3 it holds that
Using this decomposition the degree of ϕ is given by
that is, r = 1 and e 1 = f 1 = 1. Hence, ϕ = ψ 1 is irreducible as claimed in (i).
Suppose hence that
e i f i = 2, whence ϕ must be the sum of at most two irreducible constituents.
Let us go into more detail. As observed above, it holds that ϕ = ψ
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We examine the character Υ := Ind
. By definition it holds that
by Lemma 5.32(ii). Thus, any constituent of Υ lies above θ, so in particular any such constituent is linear by Lemma 5.34(i). Since Υ has degree 2, it must be the sum of two linear constituents lying above θ, say
In particular, for x, n ∈ N G ( T ) θ we have
But Υ is the sum of the two linear characters χ 1 and χ 2 , so Υ(x) = 0 is only possible if χ 1 = χ 2 . We conclude that 
is a bijection. Thus, also (χ 1 ) N G ( T ) and (χ 2 ) N G ( T ) must be distinct, irreducible, and clearly both of the same degree, as claimed.
For the last statement, suppose that χ is a constituent of ϕ. We have shown that
and since
and R ⊆ ker(χ) by Lemma 5.35, it follows that ( R, χ) is a 3-weight for G. Moreover, since by Lemma 5.35 the character χ lies above θ, we conclude that the 3-weight ( R, ϕ) belongs to B = bl( θ) G in consequence of Construction 2.3. We observed in the proof of Lemma 5.30 that | N G (T ) θ : T |, and hence also | N G ( T ) θ : T |, is a divisor of 4. Since bl( θ) has defect group R = O 3 (T ), [27, Thm. 9.22] implies that also B = bl( θ)
G must have defect group R. This finishes the proof. Proof. Let θ 1 , θ 2 ∈ Irr(T ) be irreducible constituents of ϕ 1|T and ϕ 2|T , respectively. Following Construction 2.3 we have bl(θ 1 ) G = bl(θ 2 ) G = B, whence by the extended first main theorem of Brauer [27, Thm. 9 .7] the 3-blocks bl(θ 1 ) and bl(θ 2 ) are conjugate under N G (R) = N G (T ), so in particular their canonical characters θ 1 and θ 2 are conjugate under N G (T ). According to Clifford [17, Thm. 6.5] all N G (T )-conjugates of θ 1 occur with the same multiplicity as irreducible constituents of ϕ 1|T , so without loss of generality we may assume that θ := θ 1 = θ 2 .
In consequence of Proposition 5.31 the claim is trivially true if N G (T ) θ = T , so let us assume from now that N G (T ) θ T . In particular, from Lemma 5.30 we deduce that for θ := θ | T ∈ Irr( T ) one of the following holds: Since N G (T ) θ = N G (T ) θ , we also have N G ( T ) θ = N G ( T ) θ by Lemma 5.32(i), whence the above bijection is the same as
By Lemma 5.33 the characters ψ 1 and ψ 2 are extensions of θ. In particular, Res
is irreducible for i = 1, 2 and lies above θ. Hence, it follows that ϕ 1 = ϕ 2 if and only if Res
Both ψ 1 and ψ 2 are extensions of θ to N G (T ) θ , so there exists η ∈ Irr(N G (T ) θ /T ) such that ψ 2 = ψ 1 · η. Now suppose that
and let n ∈ N G (T ) θ . Since N G (T ) θ = T N G ( T ) θ , there exist t ∈ T and m ∈ N G ( T ) θ such that n = tm. It follows that θ(t)ψ 1 (m)η(nT ) = ψ 1 (n)η(nT ) = ψ 2 (n) = θ(t)ψ 2 (m) = θ(t)ψ 1 (m), and since ψ 1 and θ are linear, we have ψ 1 (m), θ(t) = 0, so η(nT ) = 1, that is, η = 1 N G (T ) θ /T in this case. Hence, ψ 1 and ψ 2 agree, and thus ϕ 1 = ϕ 2 as claimed.
Let us finally suppose that N G (T ) θ /T ∼ = C 2 and | N G (T ) θ : N G (T ) θ | = 2 as in case (ii) above. In the proof of Proposition 5.36 we observed that there exist linear characters χ 11 , χ 12 , χ 21 , χ 22 ∈ Irr(N G ( T ) θ | θ) with χ 11 = χ 12 and χ 21 = χ 22 such that
with (χ ij ) N G ( T ) = (χ i ′ j ′ ) N G ( T ) if and only if χ ij = χ i ′ j ′ for i, i ′ , j, j ′ ∈ {1, 2}, and moreover
for i = 1, 2. Now the restriction of ψ i to N G ( T ) θ is an extension of θ to N G ( T ) θ for i = 1, 2. Hence, by Lemma 5.34 it is invariant under the conjugation action of N G ( T ) θ . Thus, for x ∈ N G ( T ) θ we have
that is,
and hence
for i = 1, 2. Now suppose that ϕ 1 and ϕ 2 have a common irreducible constituent. Then there exist j, j ′ ∈ {1, 2} such that (χ 1j ) N G ( T ) = (χ 2j ′ ) N G ( T ) , and thus χ 1j = χ 2j ′ . By the observation above it follows that
The same argumentation as for case (i) yields that ψ 1 = ψ 2 , whence also ϕ 1 = ϕ 2 . Proof. Let [(R, ϕ)] G ∈ W(B) and denote by ϕ the restriction of ϕ to N G ( T ). Moreover, let a ∈ Aut(G) B, G . Since R is the unique Sylow 3-subgroup of the maximal torus T of G, there exists an element g ∈ G such that ag −1 stabilizes R, so for every irreducible constituent ψ of ϕ we have Let ℓ be a prime dividing |G|. We may assume that ℓ = p, so ℓ divides at least one of Φ 1 (q), Φ 2 (q), Φ 3 (q), Φ 6 (q) and Φ 12 (q). It follows that if ℓ 5, then it divides exactly one of Φ 1 (q), Φ 2 (q), Φ 3 (q), Φ 6 (q) or Φ 12 (q). Suppose that 5 ℓ | Φ 12 (q). Then a Sylow ℓ-subgroup of G is contained in a maximal torus of G of type T 3 , so the Sylow ℓ-subgroups of G are cyclic in this case (cf. Table 4 ). In particular, the iBAW condition holds for G and ℓ by [21, Thm. 1.1].
Let now 5 ℓ | Φ 1 (q)Φ 2 (q)Φ 3 (q)Φ 6 (q). Then according to [12, Lemma 5 .2] the ℓ-blocks of G have either cyclic or maximal defect. In the case of cyclic ℓ-blocks the iBAW condition holds again by [21, Thm. 1.1], while it has been proven to hold for 3-blocks of maximal defect by Cabanes-Späth in [8, Cor. 7.6 ].
The case of non-cyclic ℓ-blocks of G for ℓ ∈ {2, 3} is covered by Proposition 5.42.
